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Summary of Last Lecture

> Action #2

~ Action #1 p=0.1 @

p=1

» We discussed how to solve optimal control problem with
discrete state and action spaces of the form

Z Nc(st, at)|7r] .

t=0

* =argminE
™

» The solution can be computed exactly given a known model
and state-action spaces of moderate size.

» Approximate dynamic programming can be used to reduce the
computational complexity of syntehsis strategies.
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Next Three Lectures

We will focus on Model Predictive Control (MPC) design. Our
goals will be:

» Theoretical analysis of safety and stability properties
» Learn what makes control problems hard

» Get familiar with Python toolboxes for control synthesis (via
HW problems)



Today's Class: Optimal Control Problem with Continuous
State Spaces

Goal: Compute a control policy mapping continuous states to
continuous control actions

7:R" = RY.

We will consider different cases
» Linear Quadratic Regulator
» Constrained Linear Quadratic Regulator

» General control problem with nonlinear dynamics

Key Message: For problem with continuous state-action spaces
computing an optimal trajectory is “easy”’, but computing a policy is
hard when we have constraints !



Today's Class: Deterministic Problems

Computing the expected cost for problems with continuous
state-action spaces is hard!

» Consider an MDP with where the state x € X C R", the input

u € R? and x’ ~ p(X'|x, u). Then for the function
V :R" — R we have that

E[V(X)|x, u]:/XV(X’)p(x’\x7 u)dx’

There are several methodologies to handle expected cost in
continuous settings. These strategies build on the ideas that we will
present in this class.



Today's Class: Deterministic Problems
Computing the expected cost for problems with continuous
state-action spaces is hard!
» Consider an MDP with where the state x € X C R", the input
u € R? and x’ ~ p(X'|x, u). Then for the function
V :R" — R we have that

E[V(X)|x, u]:/XV(X’)p(x’\x7 u)dx’

» Consider an MDP with where the state s € S = {1,2,...},
the action a€ A =1{1,2,...} and s’ ~ p(s’|s, a). Then for
the function V : S — R we have that

E[V(s')|s,a] = Zv (s']s, a)

There are several methodologies to handle expected cost in
continuous settings. These strategies build on the ideas that we will
present in this class.
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Problem Formulation
Consider the discrete time system
x(k +1) = F(x(K), u(K))

where the state x(k) € R" and the input u(k) € RY. The above
system is subject to the constraints

g(x(k),u(k)) <0,Vk > 0. (1)



Problem Formulation

Consider the discrete time system
x(k +1) = F(x(K), u(K))

where the state x(k) € R" and the input u(k) € RY. The above
system is subject to the constraints

g(x(k),u(k)) <0,Vk > 0. (1)

Our goal is to find a control policy m : R” x N, — RY that maps
states to controls, i.e., u(k) = w(x(k), k). Furthermore, the policy
7 should guarantee that:

» State and input constraints (1) are satisfied.

» A used-defined cost function is minimized.



Optimal Control — Preliminaries

» In discrete-time optimal control problems the goal is to find a
sequence of predicted controls ug_,n = {uo,...,uy—1} that
for an initial conditions x(0) minimizes a cost function while

satisfying state and input constraints.

» The sequence of predicted states xo_,n = {Xo,...,xn} is by

Xpa1 = F(xk, uk), Yk € {0,..., N — 1},
xo = x(0).

The predicted states and inputs must satisfy

g(xk,uk) <0,Vke{0,...,N—1}



Optimal Control — Preliminaries

» The sequences of predicted states and inputs should minimize
the following cost function:

=2
-

h(x, uk) + q(xn)
0

x
Il

» Oftentimes it is required that the terminal predicted state xpy
lays in a terminal set

xy € Xy C R”.



Optimal Control — Problem Formulation

Consider the following Constrained Finite Time Optimal Control
Problem (CFTOCP):

N—1
Jon(x(0)) = min S hlxe, ) + q(x)
- k=0

subject to  xxy1 = f(xk, uk),Vk € {0,..., N — 1},
g(xk,ux) <0,vk € {0,...,N — 1},
xn € Xk, x0 = x(0).

> the optimal cost J§_, y(xo) is the value function of the

problem.

> the optimal sequence of actions is denoted as
ug_y = {Ug, -+ uy_1}-
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Linear Quadratic Optimal Control
We consider linear discrete-time time-invariant systems
x(k 4+ 1) = Ax(k) + Bu(k)

and quadratic cost functions

N—-1
Jo(x(0), Up) & xp Pxy + Z:[XkT Qx + u) Ruy]. (2)
k=0

In this settings states and inputs are unconstrained.

We will solve the above LQR problem with following approaches:
1. Batch Approach, which yields a series of numerical values for
the input

2. Recursive Approach, which uses Dynamic Programming to
compute control policies or laws.



Unconstrained Finite Horizon Control Problem
Goal: Find a vector of inputs Uy = [uOT, ce uE_l]—r that
minimizes the objective function

vVvYyyvyy

N—1
JE(x(0)) & min  xy Pxy + Z[x,;r Qxk + uj Ruy]
Yo k=0
subject to  xx11 = Axx + Bux, k=0,...,N—1

xo = x(0)

P >0, with P = P, is the terminal weight

Q > 0, with @ = QT, is the state weight

R = 0, with R = R, is the input weight

N is the horizon length

Note that x(0) is the current state, whereas xo, ..., xy and
ug, ..., Uyn—_1 are optimization variables that are constrained to

obey the system dynamics and the initial condition.
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Solution approach 1: Batch Approach (1/4)

» The batch solution explicitly represents all future states x in
terms of initial condition xp and inputs ug, ..., uny_1.

» Starting with xg = x(0), we have x; = Ax(0) + Bug, and
xy = Axq + Buy = A?x(0) 4+ ABug + Buy, by substitution for
x1, and so on. Continuing up to xy we obtain:

X0 / r 0 0 U
X1 A B 0 0 t
C =] ¢ |x()+| AB B 0

: : E E -0 :

XN AN | ANTIB oo AB B | | oy,

» The equation above can be represented as

Xo 2 S,x(0) + Sy Up . (3)




Solution approach 1: Batch Approach (2/4)

» Define
Q £ blockdiag(Q,...,Q,P) and R £ blockdiag(R,...,R)
Then the finite horizon cost function can be written as
Jo(x(0), Up) = Xy QXo + Ug RUq . (4)

» Eliminating Xy by substituting from (9), equation (4) can be
expressed as:
Jo(x(0), Up) = (Sxx(0) + Sulo) " Q(Sxx(0) + SuUo) + Ug RUg
= Uy HUp + 2x(0) T FU + x(0) 'S, QS,x(0)

where H £ SI@SU +Rand F 2 SXT@SU.
» Note that H = 0, since R = 0 and S} @S, = 0.



Solution approach 1: Batch Approach (3/4)

» Since the problem is unconstrained and Jy(x(0), Up) is a
positive definite quadratic function of Uy we can solve for the
optimal input Uy by setting the gradient with respect to Up to
zero:

V 0o Jo(x(0), Up) = 2HUp + 2F "x(0) = 0
= Up(x(0)) = —H*F " x(0)
= (S} RS, + R)1S8) @S,:x(0)
= Kx(0),
which is a linear function of the initial state x(0).
Note H~! always exists, since H = 0 and therefore has full

rank.
» The optimal cost can be shown (by back-substitution) to be

J5(x(0)) = —x(0) T FH™1Fx(0) + x(0) ' S| QS,x(0)
=x(0)T(S] RS, — 8] QS,(S] RS, + R) 1S @S, )x(0).



Solution approach 1: Batch Approach (4/4)

Summary

» The Batch Approach expresses the cost function in terms of
the initial state x(0) and input sequence Up by eliminating the
states x.

» Because the cost Jy(x(0), Up) is a strictly convex quadratic
function of Uy, its minimizer Uy is unique and can be found by
setting V y,Jo(x(0), Up) = 0. This gives the optimal input
sequence Up as a linear function of the initial state x(0):

Uo(x(0)) = —(SUTGSU + F)flSuTaSXX(O)
= Kx(0)

» The optimal cost is a quadratic function of the initial
state x(0)

Jo(x(0)) = x(0)T(S! RS—S] QS.S) RS, +R)™1S,) @S,)x(0)

> |f there are state or input constraints, solving this problem by
matrix inversion is not guaranteed to result in a feasible input
sequence



Final Result

» The problem is unconstrained

> Setting the gradient to zero:
U (x(0)) = Kx(0)
which implies
55(x(0)) = Kox(0), ..., y_1(x(0)) = Kn_1x(0)

which is a linear, open-loop controller function of the initial
state x(0).

» The optimal cost is
J5(x(0)) = x"(0)Pox(0)

which is a positive definite quadratic function of the initial
state x(0).
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Recall: Finite Horizon LQR

» Goal: Find a sequence of inputs Up = [ug , .- ., uﬁ_l]T that
minimizes the objective function

N-1
J5(x(0)) = r’r&in xp Pxn + Z[X,:r Qxx + uy Ruy]
° k=0

subject to  xxi11 = Axx + Buk, k=0,...,N—1

xo = x(0)
» P =0, with P= PT, is the terminal weight
> Q> 0, with Q= QT, is the state weight
> R >0, with R=RT, is the input weight
» N is the horizon length
» Note that x(0) is the current state, whereas xp, ..., xy and
ug, ..., UyN—_1 are optimization variables that are constrained to

obey the system dynamics and the initial condition.



LQR — The Dynamic Programming Approach

Principle of Optimality

Let x5,y = {xg = x0,..., x5} and wi_ = {u, ..., uy_1} be
the optimal sequences of state and input for the FTOCP J§_, y,(x0).
Then we have that the sequences {x}, ..., x5} and {u},...,u5y_1}
are optimal for the FTOCP J;_ (x;),Vk € {0,..., N —1}.



LQR — The Dynamic Programming Approach

Principle of Optimality
Let x5 .y ={xg =x0,..., x5} and uf_ n = {u5, ..., uy_1} be
the optimal sequences of state and input for the FTOCP Jj_, ,(x0)-

Then we have that the sequences {x},...,xx} and {u},...,uy_1}
are optimal for the FTOCP J;_, (x{),Vk € {0,..., N —1}.

Given the optimal value function J;_ ,_, at time k we can compute

Jin(x(k)) = ”;L” X(k)TQX(k) + UkTRUk + Jer1n (k1)

subject to  xx41 = Ax(k) + Bug

» J;_ y is often called the optimal cost-to-go.

» h(x,u) =x' Qx+ u' Ruis often called the stage cost.



Solution approach 2: Recursive Approach (1/8)

» Alternatively, we can use dynamic programming to solve the
same problem in a recursive manner.

» Define the "j-step optimal cost-to-go” as the optimal cost
attainable for the step j problem:

N-1
JH(x(j)) £ min Xy Pxy + Z[X;—ka + ug Rug]
Uj,...,UN—1 k:J
subject to  xx41 = Axxk + Bug, k=4,...,N—1
xj = x(j)

This is the minimum cost attainable for the remainder of the
horizon after step j



Solution approach 2: Recursive Approach (2/8)
» Consider the 1-step problem (solved at time N — 1)

T T T
In_1(xn=1) = min {xn_1Qxn-1 + uy_1 Run—1 + xpy Pnxn }
-1

(5)
subject to xy = Axy_1 + Bupn_1 (6)
Py =P

where we introduced the notation P; to express the optimal
cost-to-go XJTP_,XJ In particular, Py = P.
» Substituting (6) into (5)

In1(xn-1) = miq{XE_l(ATPNA + Q)xn-1

+ U,E_l(BTPNB + R)UN_l
+ 2xy_1 AT PyBun_1}



Solution approach 2: Recursive Approach (3/8)

» Solving again by setting the gradient to zero leads to the
following optimality condition for up_1

2(B"PyB + R)uy_1 +2B" PyAxy_1 =0
Optimal 1-step input:

uy 1 =—(B"PyB+ R)1BT PyAxy_1

£ Kn—1Xn-1
1-step cost-to-go:
Jh-1(n-1) = xn—1Pn-w-1,
where

Pyv1=A"PyA+Q—ATPyB(B'PyB+ R) BT PyA.



Solution approach 2: Recursive Approach (4/8)

» The recursive solution method used from here relies on
Bellman's Principle of Optimality

» For any solution for steps 0 to N to be optimal, any solution
for steps j to N with j > 0, taken from the 0 to N solution,
must itself be optimal for the j-to-N problem

» Therefore we have, for any j =0,..., N
: T T
J7 () =min{Jia(g41) + x5 @ + uj Ruj}
sit. Xxj41 = Ax; + Bu;
» Suppose that the fastest route from Los Angeles to Boston passes
through Chicago. Then the principle of optimality formalizes the obvious

fact that the Chicago to Boston portion of the route is also the fastest
route for a trip that starts from Chicago and ends in Boston.



Solution approach 2: Recursive Approach (5/8)

» Now consider the 2-step problem, posed at time N — 2

N—1
Jy_o(xn—2) = min g x,;r Qxx + u,—(r Ruy + x,—\,r Pxy
un—1,Un—2 k=N—2

st Xkp1 =Axk +Buk, k=N-2N-1

» From the Principle of Optimality, the cost function is
equivalent to

In-2(xv-2) = min {Jy_1 (xv-1)

+ XE_2 QXN_2 + UE_2RUN_2}

Cr T T
= min {XNfl PN_lXN*l
un—2

+ xn_2@xn_2 + up_oRun_2}



Solution approach 2: Recursive Approach (6/8)

> As with 1-step solution, solve by setting the gradient with
respect to uy_»o to zero

Optimal 2-step input

u;kV—2 = _(BT'DN—IB + R)ilBTPN_lAXN_Q

[1>

Kn—2Xn—2
2-step cost-to-go
Jh—a(xn—2) = Xn_oPn—2Xn—2 ,
where
Py_o=ATPy_1A+Q—ATPy_1B(BTPy_1B+R) B Py_1A

> We now recognize the recursion for P; and u7,
j=N-1,---,0.



Solution approach 2: Recursive Approach (7/8)

» \We can obtain the solution for any given time step k in the
horizon

u*(k) = —(BT Pxy1B + R) 1B Py 1 Ax(K)
2 Kix(k) fork=0,...,N—1
where we can find any P, by recursive evaluation from
Py = P, using

Pr=A"Pi1A+Q— AT P B(BT PiyiB+ R) BT P 1A
(7)

This is called the Discrete Time Riccati Equation or Riccati
Difference Equation (RDE).

» Evaluating down to Py, we obtain the N-step cost-to-go

J5(x(0)) = x(0) " Pox(0)



Solution approach 2: Recursive Approach (8/8)

Summary

» From the Principle of Optimality, the optimal control policy for
any step j is then given by

u*(k) = =(BT Piy1B + R) BT Pri1Ax(k) = Kix(k)
and the optimal cost-to-go is
Je(x(k)) = x¢ Pix(k)
» Each Py is related to Py, 1 by the Riccati Difference Equation
Pi=A"Pi1iA+Q—A"P1B(B"Pr 1B+ R) BT P 1A,

which can be initialized with Py = P, the given terminal
weight



Final Result

» The problem is unconstrained

» Using the Dynamic Programming Algorithm we have
U;: = Kka

which is a linear, time-varying state-feedback controller.



Final Result

» The problem is unconstrained

» Using the Dynamic Programming Algorithm we have
U;: = Kka

which is a linear, time-varying state-feedback controller.

> the optimal cost-to-go k — N is
Je(x(K)) = x(k) " Pex(k)

which is a positive definite quadratic function of the state at
time k

» Ky is computed by using P

» Each Py is related to P11 by a recursive equation (Riccati
Difference Equation)



The Bach Approach Vs Dynamic Programming Approach

In the batch approach we compute the optimal sequence of actions
uy .y =1ug,...,uy_1} Thus, the control policy is defined as

In the dynamic programming approach we compute the optimal
value function J;_, 5, Vk € {0,..., N}. Thus, the control policy is
defined as

w(x(2), 1) = Kex(t) = argmin A(x(2), 1) + Jfy1n (i)

subject to  x¢y1 = Ax(t) + Buy



Batch Vs Dynamic Programming

—o— Disturbance free: DP = Batch| |
M“r —=—DP: Disturbance at t = 1

—o— Batch: Disturbance at t =1




How about adding state and input constraints?

» Without any modification, both solution methods will break
down when inequality constraints on xj or uy are added.
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Approach when constraints are present: just perform a
constrained minimization for the current state.



How about adding state and input constraints?

» Without any modification, both solution methods will break
down when inequality constraints on xj or uy are added.

» The Batch Approach is far easier to adapt than the Recursive
Approach when constraints are present: just perform a
constrained minimization for the current state.

» Doing this at every time step within the time available, and
then using only the first input from the resulting sequence,
amounts to receding horizon control.
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Constrained Quadratic Linear Optimal Control

Consider the Constrained Finite Time Optimal Control Problem
(CFTOCP):

N-1
Jo(x(0)) = min > h(xi, ui) + xpy QFxi
k=0

such that  xx41 = Axx + Bug, k=0,...,N—1 (8)
xx €X, uu e, k=0,...,N—1
xy € Xk
xo = x(0)

where
» N is the time horizon.
» The state constraint set X = {x € R": F,x < by}.
» The input constraint set U = {u € R": F,x < b,}.
» The terminal Xr = {x € R": Frx < br}.
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Quadratic Program with Substitution (1/4)

We re-write the CFTOCP as a Quadratic Program (QP) where the
optimization variable is the vector of inputs Uy = [ug , . -

~7”E—1]

» Starting with xg = x(0), we have x; = Ax(0) + Bug, and
xo = Axy + Buy = A?x(0) + ABug + Buy, by substitution for
x1, and so on. Continuing up to xy we obtain:

X0
X1

XN

/
A

A.N

i AN-—lB

» The equation above can be represented as

Xo £ SXX(O) +8S,Up.

Uo
u1




Quadratic Program with Substitution (2/4)

» Define the cost matrices
Q £ blockdiag(@,...,@,QF) and R £ blockdiag(R,...,R)
Then the finite horizon cost function can be written as

Jo(x(0), Up) = Xy QXo + Uy RUp
= (Sxx(0) + SuUp) " Q(S:x(0) + S, Up) + Uy RUo
= Uy HUp + 2UpF " x(0) + (8xx(0)) " @S,x(0),

where H=S! QS+ R and F" =S/ QSx.



Quadratic Program with Substitution (3/4)

» Forall k € {0,..., N —1}, we have that the constraints xx €

Go=

X={xeR"| Fx<btux €U ={xeR| Fyu<b,}
and xy € XF can be rewritten as

Golp < EOX(O) + wy

where
" F, 0
0 F,
0 0
0 0
F.B 0
F.AB F.B
FrAN-1B  FrAN—2B

o O

coc o .-

FeB

7E0

—F A?

» Wo

oo
<




Quadratic Program with Substitution (4/4)

Given the quantities defined in the previous slides we can write the
CFTOCP as

J5(x(0)) = rrlljin Ug HUg + 2UgF " x(0)
0

subject to  GoUp < Eox(0) + wo.



Table of Contents

Constrained Linear Quadratic Optimal Control

QP without Substitution



Quadratic Program without Substitution (1/4)

We re-write the FCTOCP as a Quadratic Program (QP) where the
optimization variables are the vectors of inputs
Up=[ug,---, uﬁfl]T and states Xp =[x, ... ,X,E]T.

» The dynamic constraints can be rewritten as

X
Goeq [ Ug] = Epeqx(0).
where
- B -
A | —B
Goeq = ~A | -B
I ~A ~B]




Quadratic Program without Substitution (2/4)

» Define the matrices Ggin, Wo,in and Egin:

0 0 0 0
Fy 0
Fx 0
Fy 0
GO,in = Ff 0
0 F,
0 F.
0 F.
L 0 Fu
EO in = [—F):r, 0, A 7O]T c R(”be'f'nbf—i—nbuN)Xn’
W0,in = [b;ra ) b)—(r, b;‘r, b;l—, RN b;r L= R (nox N+nbr+npuN)

for the vectors b, € R™~, br € R™f and b, € R™ that are used to
define the constraint sets X', Xr and U, respectively.



Quadratic Program without Substitution (3/4)

» Let Gpin, Wo,in and Egi, be defined as in the previous slide.
Then we have that for all k € {0,..., N — 1} the state
X, € X, the input v, € U and xy € XF¢ if and only if

Go.in { ] < Eginx(0) + Wo in.
) UO ) )



Quadratic Program without Substitution (4/4)

Given the quantities defined in the previous slides we can write the
CFTOCP as

stxo) = gin 156513 B[]

subject to G in [Ug] < Ep,inx(0) + wo,in

X
Go,eq [ Ug] = Ep,eqx(0).

where

Q £ blockdiag(Q,...,Q,QF) and R £ blockdiag(R,...,R).



Constrained Linear Quadratic Optimal Control — Summary

Batch Approaches

We presented two batch approaches to compute a sequence of
optimal control action uj_, = {ug, ..., uy_1}. Given

ug .y =1{ug,-..,uy_q} a policy for the CLQR can be defined as



Constrained Linear Quadratic Optimal Control — Summary

Batch Approaches

We presented two batch approaches to compute a sequence of
optimal control action ug_, , = [ug, ..., uy_4]. Given

uy .y =lug, ..., uy_q] a policy for the CLQR can be defined as

(x(t),t) = u;.

Dynamic Programming Approach
Recall that the dynamic programming recursion is defined as

m(x(t), t) = arg min x(t) " Qx(t) + uf Rur + Jf i1 (xe1)

such that x;+1 = Ax(t) + Bu;
Xtq11 € X, us € U.

In order to solve the above recursion, we need to explicitly compute
the function Jf ; : R" — R,
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Optimal Control — Problem Formulation

Consider the following Constrained Finite Time Optimal Control
Problem (CFTOCP):

N—1
Jon(x(0)) = min S hlxe, ) + q(x)
- k=0

subject to  xxy1 = f(xk, uk),Vk € {0,..., N — 1},
g(xk,ux) <0,vk € {0,...,N — 1},
xn € Xk, x0 = x(0).

> the optimal cost J§_, y(xo) is the value function of the

problem.

> the optimal sequence of actions is denoted as
ug_y = {Ug, -+ uy_1}-



Optimal Control — The Batch Approach
The FTOCP can be reformulated as a the following Non-Linear
Program (NLP):
N-1
Josn(x(0)) =~ min > h(xk, uk) + q(xw)

uo—N,X0—N
k=0

subject to  x3 = f(x(0), o),

xn = f(xn-1,Un-1),
g(Xku Uk) < Oavk € {07 ) N — 1}7
xn € Xk, x0 = x(0).
where the sequences ug_,y and xg_,p are optimization variables.
The above problem can be recast as an NLP, which can be solved
with off-the-shelf solvers:
» Not all NLPs are the same. Some are easy to solve!

» Smoothness allows us to leverage gradient-based strategies
» Most solvers are based on iterative linearization techniques



The Bach Approach Vs Dynamic Programming Approach

In the batch approach we compute the optimal sequence of actions
ug .y =1{ug,-..,uy_q1} Thus, the control policy is defined as

m(x(t),t) = u;.

In the dynamic programming approach we compute the optimal
value function J;_ 5, Vk € {0,..., N}. Thus, the control policy is
defined as

m(x(t), t) = argmin  h(x(t), u) + 1 n(Xet1)-
subject to  x¢+1 = F(x(t), u)
g(x(t),u) <0.
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Constrained Nonlinear Optimal Control — Linearization (1/2)

Next we consider the following problem:

N—1
Jo_n(x0) = uTinN Z(xkT Qxx + uf Ruy) + xy Qexy
U k=0

subject to  xx11 = f(xk, uk),Vk € {0,..., N — 1},
xk € X,ux €U,Vk € {0,...,N—1},
Xy € Xp,xg = X(O)7

where the cost function and the constraint sets are convex, but the
system dynamics are defined by the nonlinear function

f:R" x RY — R". We are going to approximate a solution to the
above problem by iteratively linearizing the system dynamics.



Constrained Nonlinear Optimal Control — Linearization (2/2)

Notice that the system dynamics may be linearized around a
state-input pair (X, i) as follows:

X1 = F(xi, u) & £(X, 0)+Viuf (%, 0) (= X)+ Vuf (X, 0)(ux—0),

when ||xx — X||2 < e and |Jux — d||2 < e.



Constrained Nonlinear Optimal Control — Linearization (2/2)

Notice that the system dynamics may be linearized around a
state-input pair (X, i) as follows:

Xey1 = F (X, uk) = £(X, 0)+ Vi (X, 0) (= X) + Vuf (%, 8)(ux— ),

when ||xx — X||2 < e and |Jux — d||2 < e.

Now define the matrices

A(%, 0) = Vxf(%,0), B(%, 0) = Vuf(%, )
and C(x,0) = f(X, ) — Vif(X, 0)% — V,f (X, 0)d.



Constrained Nonlinear Optimal Control — Linearization (2/2)

Notice that the system dynamics may be linearized around a
state-input pair (X, o) as follows:

X1 = F (X, uk) = £(X, 0)+ Vi (X, 0) (= X) + Vuf (%, 8)(ux— ),

when ||xx — X||2 < e and |Jux — d||2 < e.

Now define the matrices

A(%, ) = Vif (%, 0), B(%, 0) = Vuf(%, )
and C(x,0) = f(X,0) — Vif(X, 0)% — V,f(X, 0)d.

Then we have that

Xpr1 = AR, @)xx + B(X, @)uy + C(X, 0)
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Sequential Quadratic Program — Preliminaries

Defined the constrained LQR problem around the of states and
inputs sequences U = [ug, ..., up_q] and X = [xg, ..., xyl:

N—-1
mmin D (k@ + ug Rug + aalxic — x| + aalux — u13)
T k=0

+ xy Qexi
subject to  xxy1 = Agxk + Bruk + Ci,Vk € {0,..., N — 1},
xk € X,ux €U,Vk € {0,...,N —1},
XN € Xp, xg = X(O),
(10)
where
» the matrices Ay = A(xi, uf() By = B(xf;, uf() and
Ck = C(x], u}) are computed linearizing the system dynamics.
» the cost terms o ||xx — xf(H% and ag||ux — uf(Hg are used to
limit the linearization error.



Sequential Quadratic Program — The algorithm

Given an initial guess of states X0 = [x§,...,x3] and inputs
U3 = [u8,...,ul_4], we defined the following algorithm initialized
for j = 0:



Sequential Quadratic Program — The algorithm

Given an initial guess of states X0 = [x§,...,x3] and inputs
U3 = [u8,...,ul_4], we defined the following algorithm initialized
for j = 0:

1. Set Ay = A(xL, ), Bk = B(x}, u}) and Cx = A(x], ul) for
all ke {0,...,N —1}.



Sequential Quadratic Program — The algorithm

Given an initial guess of states X0 = [x§,...,x3] and inputs
U3 = [u8,...,ul_4], we defined the following algorithm initialized
for j = 0:

1. Set Ay = A(xL, ), Bk = B(x}, u}) and Cx = A(x], ul) for
all ke {0,...,N—1}.

2. Solve the convex optimization problem (10) and let {x;})_,
and {UZ}LV:_Ol be the optimal sequences of states and inputs,
respectively.



Sequential Quadratic Program — The algorithm

Given an initial guess of states X0 = [x§,...,x3] and inputs
U3 = [u8,...,ul_4], we defined the following algorithm initialized
for j = 0:

1. Set Ay = A(xL, ), Bk = B(x}, u}) and Cx = A(x], ul) for
all ke {0,...,N—1}.

2. Solve the convex optimization problem (10) and let {x;})_,
and {UZ}LV:_Ol be the optimal sequences of states and inputs,
respectively.

3.0 ||x; — xF|| < eforall k€ {0,...,N} and ||u} — uf|| < e for
all k € {0,...,N — 1} then terminate. Otherwise, set
I =xrand ot = uf forall ke {0,...,N -1}, j=j+1
and go to 1.



Sequential Quadratic Program — The algorithm

Given an initial guess of states X0 = [x§,...,x3] and inputs
U3 = [u8,...,ul_4], we defined the following algorithm initialized
for j = 0:

1. Set Ay = A(x), ), Bx = B(x}, u}) and Cx = A(x], ul) for
all ke {0,...,N—1}.

2. Solve the convex optimization problem (10) and let {x;}\_,
and {uz}f(vz_ol be the optimal sequences of states and inputs,
respectively.

3.0 ||x; — xF|| < eforall k€ {0,...,N} and ||u} — uf|| < e for
all k € {0,...,N — 1} then terminate. Otherwise, set
I =xrand ot = uf forall ke {0,...,N -1}, j=j+1
and go to 1.

> A similar strategy may be used to linearize cost and constraints

» The parameters a; and ap may be adapted

» |t is not required to solve Problem (10) to optimality
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Optimal Control — The Dynamic Programming Approach

Principle of Optimality

Let x5,y = {xg = x0,..., x5} and wi_ = {u, ..., uy_1} be
the optimal sequences of state and input for the FTOCP J§_, y,(x0).
Then we have that the sequences {x}, ..., x5} and {u},...,u5y_1}
are optimal for the FTOCP J;_ (x;),Vk € {0,..., N —1}.



Optimal Control — The Dynamic Programming Approach

Principle of Optimality

Let x5,y = {xg = x0,..., x5} and wi_ = {u, ..., uy_1} be
the optimal sequences of state and input for the FTOCP J§_, y,(x0).
Then we have that the sequences {x}, ..., x5} and {u},...,u5y_1}
are optimal for the FTOCP J;_ (x;),Vk € {0,..., N —1}.

Given the optimal value function J;_ , at time k we can compute

Jec1on(xk-1) = {l"'j h(xk—1, uk—1) + Ji_sn(Xk)

subject to  xx = f(Xxk—1, Uk—_1)

g(xk—1, uk—1) <0.

» J;_ y is often called the optimal cost-to-go.

> his often called the stage cost.



Optimal Control — The Dynamic Programming Approach

Notice that at time N the value function

S o) = {"(X”)

if xy € Xf

400 Otherwise

Thus, the optimal value function can be computed recursively as:

In-1n(xn-1) = min

subject to

55 -(x0) = min
uo

subject to

h(xn—1, un—1) + Jg_n(xk)

X = f(xn—1, un—1)
g(xk—1, ux—1) < 0.

h(xo, o) + Ji_n(x1)

X1 = f(X()a Uo)
g(Xo, UO) S 0.



Summary

We discussed the difference between strategies to solve finite time
optimal control problems:

» the batch approach which is used to compute a sequence of
open-loop actions.

» the dynamic programming approach which is used to compute
a control policy mapping states to actions.

We considered different cases:
» Linear Quadratic Regulator
» Constrained Linear Quadratic Regulator

» General control problem with nonlinear dynamics

Key Message: For problem with continuous state-action spaces
computing an optimal trajectory is “easy”, but computing a policy is
hard when we have constraints !



What is next?

We will show how to compute control policies for constrained
optimal control problems with continuous state-action spaces.
We will focus on guaranteeing that

» State and input constraints are satisfied.

» The closed-loop system is stable.

» The control policy is optimal.

First, we will show the control design when the system dynamics are
known. Then, we will discuss iterative learning strategies which are
similar to the policy iteration approach that we saw in Lecture #1.
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