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Physicists are taught: more parameters than data points is bad

F. Dyson, A meeting with Enrico Fermi, Nature. 427,287 (2004)

4 parameters

Enrico Fermi Freeman Dyson
1901-1954 1923-2020

With four parameters | can fit an
elephant, and with five | can make
him wiggle his trunk

-- John von Neuman (according
to Fermi)

5 parameters

John von Neumann
1903-1957

Drawing an elephant with four complex parameters
Jirgen Mayer; Khaled Khairy; Jonathon Howard; American Journal of Physics 78, 648-649 (2010)



Expressivity: DNNSs can fit randomized data with zero error
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Understanding deep learning requires rethinking generalization, C. Zhang et al, arXiv:1611.03530
(super influential: cited by 2329 —Dec 2020)

DNNs can fit random data with zero error they are highly expressive.
Why don’t they memorize data?



Deep neural networks (DNNs) are heavily overparameterized

— 1 hidden layer

71 —— 2 nidden layers - . ) ;
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1 - 20th order polyfit
Py compared to

simple DNNs (FCN with layer width of 1000 units)

CENTRAL THEORETICAL CONUNDRUM of DNNs:  Why do they generalise so well?

|) DNNs are used in the over-parameterised regime with many more parameters than data points.
2) DNNSs are highly expressive (there is a universal approximation theorem (Cybenko, Hornik etc..)
3) Classical learning theory, based on model capacity, predicts poor generalisation. (bias-variance tradeoff)



Model problem: Supervised learning of a Boolean function with DNNs

Doctor’s decision table for COVID-19

Send to Lost sense | Over 507 Heart Obese? Diabetes?
hospital? of smell? problem?

Boolean function

Given some examples, can we learn the rest of the function?

A function maps all possible answers to outputs.

. . n . .
n questions; 2" possible answers; 22" possible Boolean functions

For n=7 27 = 128 answers;  2!?8 =34 X 0% possible functions



Parameter-function map
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Let the space of functions that the model can express be F. If the model has p real
valued parameters, taking values within a set © C R?,

the parameter-function map, M, is defined as:

M:©0 > F
9*—)fg

where fj is the function implemented by the model with choice of parameter vector 6.

G.Valle-Perez, C. Camargo and A.A. Louis, arxiv:1805.08522 — ICLR 2019



Simplicity bias In the parameter-function map

Prior P(f): upon randomly sampling parameters, how likely to find Boolean function ?

Simple functions exponentially more likely to occur
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Boolean functions for n=7. 2/ = 128 possible answers & 2!28=3.4 X108 possible functions.

“Entropy” of simpler functions is larger than that of complex functions.

Boolean system is a key simplified model, akin to the Ising model is in physics.

Guillermo

G.Valle Perez, C. Camargo and A.A. Louis, arxiv: | 805.08522 — ICLR 2019 Valle Perez



Proving simplicity bias Iin the parameter-function map

P(f): If we randomly sample parametet®w likely are we to produce a
particular function f?

Iy

Ty output

3 Chris Mingard

Theorem 4.1. For a perceptrorf, with b= 0 and weightsv sampled from a distribution which is
symmetric under ref3ections along the coordinate axes, the probability mdag8urerl (f,) = t) is
given by

[

2PN ol t< 20
P(:T()=1= 0 otherwise

We can also prove theorems that bias towards simple function gets stronger with more layers!

Y

Neural networks are a priori biased towards Boolean functions with low entropy, Chris Mingard, Joar Skalse, Guillermo Valle-
Pérez, David Martinez-Rubio, Viadimir Mikulik, Ard A. Louis arxiv:1909.1 1522



Ockham'’s Razor and DNNs

I"#SHSNE& ()% " H#H+%0',- #P).$%0' 1$#2*-#"% 3% &&PHAS
Ockham, according John Punch’s 1639 commentary on Duns Scotus.

What Ockham actually said:

ICO er@o & et

non eft ponenda fine neceflitate 2 non
€ neceffitas quare ocbeat poni tpus oi’
fererum menfuras motum angelt. nay

Pluralitas non est ponenda sine necessitate”
"Plurality is not to be posited without necessity"

William of Ockham
| 287-1347

Modern approaches (the rabbit hole is deep ...) -possibly at Merton?
Bayes (e.g. David MacKay “Information Theory, Inference, and Learning Algbraims
AlT (e.g. Solomonoff, Hutter etc.. (AIT), but see Tom Sterkenberg for a critique)

Philosophers disagree ....Aristotle I Elliot Sober



|s this simplicrity bias more universal ¢

Why do DNNs exhibit an inbuilt
Occam'’s razor?

(why the simplicity bias?)




MONKEY INTUITION:

What is the probability that a monkey types out M digits of I on an N key typewriter !

P(X) = (I/N)*(M+1)

3.141592653589793238462643383279502884 19716939
9375105820974944592307/8 | 640628620899862803482
5342117067982 1480865 | 328230664 709384460955058
2231725359408128481 1 17450284102701938521 10555

Q1 462294895493038 196442

But what if the monkey types into C? PIM)Y T (I/N)™ 133

| 33 character (obfuscated) C code to calculate first 15,000 digits of !

D> @E F GHI H JK ©_ (i1)22i+!
PDLQ ~IRU E F K SULQW G HGI ﬁzz+
IRUHG | J E G JGGEI| KDE@I D>E@G  J e (2 + 1)!

C program due to Dik Winter and Achim Flammenkamp (See Unbounded Spigot Algorithms for the Digits of Pi, by Jeremy
Gibbons (Oxford CS), Math. Monthly, April 2006, pages 318-328.)



Formalising the Monkey Intuition AIT: Kolmogorov Complexity

AIT = Algorithmic Information Theory
Kolmogorov/Chaitin complexity K(X) is the length in bits
of the shortest program on a UTM that generates X

K'is universal, (not UTM dependent) because you can
always write a compiler => O() terms.

e

KLUGK) = KOWEQ) + O 1K) =

A.N. Kolgomorov  GJJ. Chaitin

1903-1987 1947 __ K'is not computable due to Halting problem.
e
g‘\d\Q\
01010101010101010101010101010101010101010101010101010101010101010101010101010101010101010101010101
o

OI1TOTOTOOTTOOIOITITIONTTTOITOTOT0000 100010 TTOIOTOTO0I TOTOITTTIONTTOTO0I0TO00! I TOITTOITOITO] ] IOICO

Warning: you don't know for sure that it is complex, t could be encoding "#$%4 | 592653589793238462 ...

new inturtions
-- A random number is one for which KOX) I [X]
-- The complexity of a set can be << than complexity of elements of the set



Formalising the Monkey Intuition using AlT: Algorithmic Probability

Algorithmic Probability P(x) = probability a random program on a (prefix) UTM generates x

Py(X) = 21 =21 K00 4
;U= X

First term is the biggest one

Sum all binary codes that generate X
R. Solomonoff on a prefix machine

1926-2009

Inturtively: simpler (small K(X)) outputs are much more likely to appear

It seems to me that the most important discove@gdeleas the discoveryiyaitin
Solomonadind Kolmogorov of the concept called Algorithmic Probability,. Everybody sho
about that and spend the rest of their lives working on it.

Marvin Minsky (2014)

https://www.youtube.com/watch?v=DfY-DRsE86s&feature=youtu.be&t=1h30m02s

Solomonoff, R, "A Preliminary Report on a General Theory of Inductive Inference", Report V-131, Zator Co., Cambridge, Ma. Feb 4, 1960, revision, Nov., 1960.


https://www.youtube.com/watch?v=DfY-DRsE86s&feature=youtu.be&t=1h30m02s

Formalising the Monkey Intuition using AIT: Levin's Coding Theorem

We should teach this much more widely!

/

2' K (X) 1 P(X) n 2' K (X)+ O(l)

7

L. Levin, 1948 --

Inturtively: simpler (small K(X)) outputs are much more likely to appear

Serious problems for applying coding theorem

1) Many systems of interest are not Universal Turing Machines
2) Kolmogorov complexity K(x) is formally incomputable
3) Only holds in in the asymptotic limit of large x...

L. A. Levin. Laws of information conservation (non-growth) and aspects of the foundation of probability theory.
Problems of Information Transmission, 10:206-210, 1974.



Formalising the Monkey Intuition using AlT: a new coding theorem for non UTM maps

Proof sketch:

1) For simple maps f, with input size nwe can calculate the whole set of input ! output
pairs at O(1) cost (complexity of a set << elements of set)

2) Encode this with a Shannon-Fano-Elias (SFE) code for which P(x) ~ 1 “length

3) This procedure gives a bound on the Kolmogorov complexity, given fand n: K(x|f,n)

K(X|f,n) # I(E(X)) + O#gl)

= log, P(x) + O(1)

$ P(X) # 2! K (x]f,n )+ O(1) +«—— NOTE: upper bound only!

K. Dingle, C. Camargo and A/AL, Nature Communications 9, 761 (2018)



Simplicity bias for computable input-output maps

Kamal Dingle

)
2)

3)

4)
>)

6)

(2 Dphils of work)

P(X) ! 2! ak (x)! b
AN
N

NOTE: upper bound only! Chico Camargo

Computable input-output map f: 1 O

Map f must be simple — e.g. K(f) grows slowly with system size — then

K(x[f;n) I K(x) + O(I)

K(x) Is approximated, for example by Lempel Ziv compression or some other
surtable measure.

Bound is tight for most inputs, but not most outputs.

Maps must be a) simple, b) redundant, c) non-linear, d) well-behaved (e.g. not a
pseudorandom number generator) — many maps satisfy these conditions.

There is also a statistical lower bound.

K. Dingle, C. Camargo and A/AL, Nature Comm 9,761 (2018); K. Dingle, G.Valle-Perez, AAL, Sci. Rep. 10,4415 (2020)



Simplicly bias works in many different maps

P(x)! 23D = plack line (red dashed with b=0)
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K. Dingle, C. Camargo and A/AL, Nature Communications 9, 761 (2018)



What about SGD?

Hold on: why should parameter
function map predict DNN
outcomes!




Hold on: why should parameter function map predict DNN outcomes!

DNNSs are trained using Stochastic gradient
descent (SGD) on a loss function.

d is that SGD has
ce generalization

Dominant hyp
special properties

s SGD a Bayesian sampler? VVell, almost, Chris Mingard, Guillermo Valle-Pérez, Joar Skalse, Ard A. Louis, arxiv.org: 2006.1519 |



https://arxiv.org/abs/2006.15191

A function based picture

Debnition 2.2(Representation of Functionsonsider a
DNN N, a training setS = {(x;,Vi)}%; and test set
E = {(x},y)}'=) . Werepresenthe functionf (w) with
parametersy associated withN as a string of length
S| + |E|), where the values are the labglsandyy thatN
produces on the concatenation of training inputs and testi
jinputs.

Example on 5 MNIST inputs:

flw) = (5,04,1,9) (O errors)
flw) = (5,04,7,9) (I error)

4




Bayesian function picture for supervised learning on S

Posterior for functions conditioned on training set S follows from Bayes rule

f f
P(t1s) = g B,

Prior over functions  IFP (f )

If we wish to infer (i.e. no noise) at some points, then we need a 0- 1 likelihood on training data Wy=f{ (Xi, yi)} 1,

COULif i f(xi) =y
P(SIF) = 0 otherwise.

P(S) = marginal likelihood or evidence
| | Functions that fit S

P(S)= " (P(SIDP()= (1% P(T)

P(f]S) = P()/P(S) or 0, so bias in prior translates over to bias in posterior



SGD acts like a Bayesian optimiser ...

. FCN on MNIST, MSE loss - FCN on MNIST, CE loss
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FCN on binarized MNIST — training set=10,000, test set=100 images 2!® = 1030 possible functions fit the test set.

We use Gaussian Processes (GP)s to calculate Pg(f]S) —

Is SGD a Bayesian sampler? Well, almost, Chris Mingard, Guillermo Valle-Pérez, Joar Skalse, Ard A. Louis, arxiv.org: JIMLR "#$%&'()*+,!-!"



https://arxiv.org/abs/2006.15191

Problem: why should parameter function map predict outcomes!

Intuition: for very strong bias: Basin of attraction ~ Basin size (P(f))

A

/N

A
(.n<
()]
O
—_—

b
=
p—

—

loss function

Oerror [== ==

generalised parameter 0

Similar effect in evolutionary theory under strong bias:
The arrival of the frequent: how bias in genotype-phenotype maps can steer populations to local optima

Steffen Schaper and Ard A. Louis, PLoS ONE 9 (2): e86635 (2014)

s SGD a Bayesian sampler? VVell, almost, Chris Mingard, Guillermo Valle-Pérez, Joar Skalse, Ard A. Louis, arxiv.org: 2006.1519 |



https://arxiv.org/abs/2006.15191
http://www.plosone.org/article/info:doi/10.1371/journal.pone.0086635

Two kinds of questions about generalisation:

1) Why do DNINs generalise at all in the
overparameterised regime!

Because the parameter-function map s
highly biased towards simple solutions.

2) Given DNNs that generalise, can we
further fine-tune the hyperparameters
to iImprove generalisation! (engineers).

Is SGD a Bayesian sampler? Well, @liYosgard, G.Valle-Pérez, |. Skalse, AAL, arxiv.org: 2006.15191



2nd order effects beyond simplicity bias: changing the network

CNN on Fashion MNIST, CE loss CNN, Pool on F-MNIST, CE loss
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P(f|S), Adam, batch size: 256 P(f] S), Adam, batch size: 256

(b) Ps(f[S) v.s. Pagam (f|S) (c) Pe(f[S) v.s. Padam (f |S)

CNN on binarized Fashion-MNIST — training set=10,000, test set=100 images
2100 = 1030 possible functions fit the test set.

Similar results for CNN, LSTM, other data sets, etc....

s SGD a Bayesian sampler? VVell, almost, Chris Mingard, Guillermo Valle-Pérez, Joar Skalse, Ard A. Louis, arxiv.org: 2006.1519 |



https://arxiv.org/abs/2006.15191

Can we do any control experiments?

| )Can we break the simplicity bias?




DNNs can exhibit an order-to-chaos transrtion

1.0
0.8
a 0.6 ordered
5 ordered unbounded
0.4 chaotic
0.2
0.0 T T .
05 10 15 20 25 05 1.0 15 20 25
(a) Tanh (b) ReLU

Figure 3: Mean beld phase diagrams for tanh and Re
activation functions showing various phase regime:
a function of#,, and #.

Chaotic regime for some activation functions (not RelLU!) — for wider initial parameters

Deep Information Propogation, S. S. Schoenholz et al. arXiv: 161 1.01232



Chaotic regime reduces bias in prior P(f)

J. Empirical prodability verves 1.2 complexity plots More biased
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Greg Yang and Hadi Salman. A fine-grained spectral perspective on neural networks. arXiv preprint arXiv:1907.10599, 2019.



Chaotic regime changes the bias in prior P(f)
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Generalisation Error
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Greg Yang and Hadi Salman. A fine-grained spectral perspective on neural networks. arXiv preprint arXiv:1907.10599, 2019.



Bayesian picture and the

"P(F[S)H = P(f)
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:igig. 1] Interplay of key ingredients.Building
theory of deep learning requires an understandi

i z_)f the intrinsic interplay between the architecture
of the neural network, the behaviour of the

. algorithm used for learning and the structure in
the data.

Lenka Zdeborovd. Nature Physics
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Bayesian picture and

i ;
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Bayesian picture and

! #
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"P(F[S)H = P(f)
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Bayesian picture and

P(f(L %Hf)" |

"P(F[S)H = P(f)
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Bayesian picture: combining data and prior
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Bayesian picture combining data and prior

Target Function LZ = 31.5 Target Function LZ = 66.5 Target Function LZ = 101.5

\Q

(P(S™|K))

T T T

T T T T T T T T T T T T T
25 50 75 100 125 150 25 50 75 100 125 150 25 50 75 100 125 150
Lempel-Ziv Complexity Lempel-Ziv Complexity Lempel-Ziv Complexity
(a) (b) (©)
10"
0y | N° Layers 10'q o | N° Layers
10" - 110 - 110
< QY O
g 0] 8
2 2 2 102
& & & 107 7 °
) S 10"y gt ]
2 £ £
e g s ) -
[ e 1073 = 107 4 o
A A 210 P
5 5 I 2
-2 Z10° 4 A e i
2- 2- ‘ Complexity
1074 104 ° ® Lz<50
o ® 50<LZ<100
10° 4 L] e LZ>100
3 -5
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160 10 I(;"‘ l(;—z “;—l 10°
Lempel-Ziv Complexi Lempel-Ziv Complexit
p plexity 19 P! y P(Kl S™), SGD

(d) (e) M

8 g 8 o1s
% 06 z 0101 ="
] ] ;M
~ ~ 2 0.10 4
£ 04 £ e
) & 0.05 )
X 02 X X 0.05 4
" & A Ry
0.0 +— 3 ; .““-“.“Ill“fll-—.— 0.00 - T 0.00 +— T T
2 : g
@ 06 @» 0.10 A 7] 0.15 1
g 3 =]
< < < 4
~< 044 s . iy 0.10
3 £ 0.05 4 3
2 021 2 2 0,05
2] || g : |
Y . — -ulllllh--. . A 000 L— Loy Y E——
0 2550 75 100 125 150 0 25 50 75 100 125 150 0 25 S0 75 100 125 150
Output Lempel-Ziv Complexity Output Lempel-Ziv Complexity Output Lempel-Ziv Complexity

(9) Target function LZ =31.5 (h) Target function LZ = 66.5 (i) Target function LZ = 101.5



Bayesian picture:
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Summary: Bayesian picture: prior and data
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A\ 1 1) DNNs generalize because they have an implicit bias
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*HQHUDOL]DWLRQ WKHRU\ RI GHH

+RZ FDQ ZH TXDQWLI\ KRZ WKH LQGXFWLYH ELDV OH



6HWWLQJ VXSHUYLVHG OHDUQLQ

Supervised learning deals with the problem of predicting outputs from inputs,
given a set of example input-output pairs. The inputs live in an input domain
X, and the outputs belong to an output space Y. We will mostly focus on the
binary classification setting where ) = {0,1}. We assume that there is a data
distribution D on the set of input-output pairs X x Y. The training set S is a
sample of m input-output pairs sampled i.i.d. from D, S = {(x;, )}, ~ D™,
where x; € X and y; € Y. We will refer to the data distribution as noiseless if
it can be factored as D((x,y)) = Dx(z)Dy x (y|z) where Dy x is deterministic,
that is it has support on a single value y = f(x). In this case f is called the
target function.

*HQHUDOL]DWLRQ HUURU
6(h) — P(m.y)m’D[h‘(I) 7é !j]



+RZ WR SUHGLFW JHQHUDOL]DWLE

%D\HVLDQ DSBDRB¥KDVVXPSWLRQ RQ WKH GDWD (

JUHTXHQWLVW OBSHRODRK RU YHUN IHZ DVVXPSWL
GLVWULEXWLRQ ‘H FDQ EH PRUH FRQILGHQW WKI



%D\HVLDQ DSSURDEFK

ODNH VWURQJ DVVXPSWLRQV R(C T [ ey VL
XVH WKIHWWRBFEXJDMWEHEW JHQH $ NN Expt
HUURU %YRUGHORQ HW DO L. (H
GHYHORSHG E\ 6ROOLFK HW DO Kt
HUURU RI VRPH '"11V RQ 17. UHJ ]

ODLQ SUREOHP 1HHG WR NQRZ 10! 10° 10°
GLVWULEXWLRQ "LV EHIRUHKDC( & HYV

JXDUDQWHHV LI ZH DUH zZURQJ L .02 ayerNNon MNIST, IV = 800

HPSLULFDO DQG WKHRBHAWIFFXODOWH®OWLRARUGHORQ HW
GR ZH QHHG WR NQRZ ' IRU WKLV WR JLYH XVHIXO

SUHGLFWLRQV"®




5HOD[LQJ WKH DVVXPSWLRQ WKDW ZH
GLVWULEXWLRQ LQ D@%D\HVLDQ DQD!

. HUQHO $OLIJQPHQW 5LVN (VWLPDWRU 5LVN 3UHG
DO ODNHV DVVXPSWLRQV EXW SURPLVLQJ

SQORWKHU SURPLVLQJ DSSURDEFK"™

([KDXVWLYH /HDUQLQJ 6FKZDUW] HW DO OLC
KWWSV 777 JZHUQ QHW GRFV DblHODWH KAHDQQUHW D ©
GLVWULEXWLRQ RI HUURUY DW LQLWLDOL]J]DWLRQ
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'H IRFXV RQ WKL

JUHTXHQWLVW ERXQGV WKH JHQ!
DVVXPSWLRQV RQ GDWD GLVWULE

7KLV LV WKH DSSURDFK WDNHQ E\ WKH SUREDEO\ DS:S
RI UHVXOWYV

$IJIQRVWLF

fa(S)

m°

VD, Ps~pm [D(e(A(S))), é(A(S))) < 7227 > 16

5SHDOL]DEOH




&S&ODVVLILFDWLRQ RI )UHTXHQWLYV

Algorithm-independent
(section 4.1)
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(section 4.2)

Based on uniform
convergence

Based on non-uniform

convergence

Other
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independent
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* P
bound (section

1.1.1)

SRM-based bounds’
(section 4.2.1.1)

uniform stability
bounds? and
compression
bounds® (section
4.3.1)

Data~dependent

Rademacher
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data-dependent
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bounds™ (section

4.2.1.1)
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(4.2.1.2),
sensitivity-based
bounds*? (section
4.2.1.4),
NTK-based
bounds¥ (section
12.1.3),

other PAC-Bayes
bounds¥Y (section
4.2.2)

non-uniform
stability bounds™™
(section 4.3.1),
marginal-likelihood
PAC-Bayes

bound’ 11

(section 5)

*HQHUDOL]DWLRQ ERXQGV IKRUMWGHH SDAHDW @ UQ JD B3 /
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$OJRULWKP LOQGHSHQGHQW ERXQ

VYD, Pg.pm [Vh. € H, D(e(h),é(h)) < f(S.h)

me

]21—5 (4)

Algorithm-independent bounds are commonly classified in two classes, according to the
dependence of the capacity f(S,h) on h:

— Uniform convergence bounds (or uniform bounds for short) are algorithm-
independent bounds where the capacity is independent of h. This includes
VC dimension bounds (section 4.1.1) and Rademacher complexity bounds (sec-
tion 4.1.2). Here the nomenclature "uniform" means the value of the bound is
independent of the hypothesis.

— Non-uniform convergence bounds (or non-uniform bounds for short) are
algorithm-independent bounds where the capacity depends on h. Common exam-
ples include bounds for structural risk minimization (section 4.2.1.1).



$OJRULWKP GHSHQGHQW ERXQGV

Algorithm-dependent bounds. This type of bounds generalizes the above class of
bounds by considering stronger, or more general, assumptions on A, as well as more
general dependence of the capacity on A. We can express this general class of bounds
as

VA €A, VD, Pgpm | D((A(S))). é(AS)) < 225 | 51 5 (5)

- me

where 2l is a set of algorithms that represents our assumptions on A. An example



$OJRULWKP GHSHQGHQW ERXQGYV
FRQYHUJHQFH

£(S,h)

me

VD, Pg.pm [Vh € H(S), D(e(h),é(h)) < ] o (6)

where H(.S) is a set which includes A(S) for the class of algorithms 2 which we are considering.

f(h)

ma

VD, Ps.pn |Vh € H, D(e(h),é(h)) <

IA

] oo B Phap [D(e(h),é(h))

1DJDUDMDQ HWVWOWSYV DUJLY RUJ DEKRZHG WKDW IRU VXFK W\SH RI
GDWD GLVWULEXWLRQV IRU ZKLFK WKH RSWLPDO VXFK ERXQGV DU
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'‘HVLGHUDWD IRU JHQHUDOL]DWLR

6FDOH ULJKW

ZLWK GDWD GLVWULEXWLRQ FRPSOH[LW\
ZLWK WUDLQLQJ VHW VL]H

ZLWK DUFKLWHFWXUH FKDQJHYV

ZLWK RSWLPLVHU FKDQJHYV

DQG VKRXOG EH

QRQ YDFXRXV WLJKW
HITLFLHQWO\ FRPSXWDEOH
ULJRURXYV



'"HVLGHUDWD IRU 9& GLPHQVLRQ V

6FDOH ULJKW

ZLWK GDWD GLVWULERWLRQ FRPSOH[LW\

ZLWK WUDLQU®J , WHWwW VB]|AKLOH HPSLULFDO LV P
ZLWK DUFKLWHFWXUYH FEKDI@HUV1I1IV JHQHUDOL]H E
ZLWK RSWLPLVHR HKKO\QGHEHQGY RQ WKH DOJRUL\
FODVYV

DQG VKRXOG EH

QRQ YDFXRXAR WLJIKW
HITLFLHQWO\ KMRV'SXWDEOH
ULJRURXW



1RUP EDVHG DQG PDUJLQ EDVHG

6FDOH ULJKW

ZLWK GDWD GLVWULEKWLRQ FRPSOH[LW\
ZLWK WUDLQ LO@J BEVH S/DWIWHD O O\

ZLWK DUFKLWHFWX\EM SDLQILD/O O\

ZLWK RSWLPLVOMD EKB@IHVLD OO\

DQG VKRXOG EH

QRQ YDFXRXAR WLJIKW
HITLFLHQWO\ KMRM'SXWDEOH
ULJRURXW
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3%& %D\HV WKHRU\ [TUHTXHQWLV'

$ SRZHUIXO WKHRU\ IRU SUHGLFWLQJ JHQHUDOL]DW

IUDPHG LQ WKH 3%& IUDPHZRUN DQG WKXV LW JLYH?
RI GDWD GLVWULEXWLRQ

+RZHYHU WKHUH DUH DQ LQILQLWH IDPLO\ RI 3%& %
SURGXFH JRRG UHVXOWY GHSHQGY RQ DVVXPSWLRQ
EHQHILW IURP PDNLQJ DVVXPSWLRQV DERXW WKH GI



3%& %D\HV WKHRUHP IRU %D\HVLI

,Q SDUWLFXODU ZH XVH D YDULDWLRQ RI OF$OOLV
ZLWK SULRU 3

Theorem 4.1 (Deterministic realizable PAC-Bayes theorem) For any distri-
bution P on any concept space H and any realizable distribution D on a space
of instances we have, for0 < d <1, and 0 < ~v < 1, that with probability at least
1 — 0 over the choice of sample S of m instances, that with probability at least
1 — ~ over the choice of c:

In W +Im+Ini+n %

~In(1-¢(c)) < — |

where ¢ is sampled from the posterior distribution Q(c) = % C(S) is
ceC(S) g

the set of concepts in H consistent with the sample S (with 0 training error),

and where P(C(S)) = 3_.cc(s) P(c)



Let's unpack this a bit.

These two are
approximately equal for that the generalization
error is less than this

small epsilon \
O \ and this term is usually
~ G(Q*) small
¢S '

So it's basically saying

1 i 2m )
In PO +4ln('6 )

—1In (1 — €(Q")) e(Q") < —

38 WKH SUREDELOLW\ XQGHU WKH SL
ODEHOOLQJ RI WKH WUDLQLQJ GDWD |
WKHDUJLQDO OLNHOLKRRG



%%D\HVLDQ RSWLPDOLW\ RI D IUHT

$ ITUHTXHQWLVW ERXQG LV GHILQHG WR EH RSWLPDC
GLVWULEXWLRQV DQG DOJRULWKP $ LI LW KDV WKF
DPRQJ DOO YDOLG IUHTXHQWLVW ERXQGV IRU DOJRI

Theorem 6.4. Assume (e(m)) ~bm™* as m — oo, with 0 < a < 1. Then, assuming that

for some E < 1, for all S,,;1, P.(m) < E , there exists a constant C', such that, as m — oo,

—(log P(Sy,)) ~ C'bm!—® (21)
Furthermore, if Var(P.(m)) = o({€)), then C' = L.

l—av

—(log P(Sn))

m

Es,,~pm [PB(m)] ~ ~ C'bm™ ~ C'(e(m)),

7KLY PHDQV WKH 3%& %D\HV ERXQG KDV DQ H[SHFWH®WKH OXH WK
WUXH HUURU LI LW IROORZV D SRZHU ODZ OHDUQLQJ FXUYH XS
DV\PSWRWLFDOO\ RSWLPDO LQ WKDW VHQVH



(YDOXDWLQJ WKH 3%& %D\HV ER X(

‘H HYDOXDWH WKH 3%$& %D\HV ERXQG E\ DSSUR[LPDW
DUFKLWHFWXUHY GDWDVHWY DQG WUDLQLQJ VHW
HVWLPDWH PDUJLQDO OLNHOLKRRG RI WKH GDWD 3

'H HVWLPDWH WKH 11*3 NHUQHO E\ VDPSOLQJ DQG F
FRYDULDQFH PDWUL[ RI WKH RXWSXW RI WKH '"11 ZH
1RYDN HW DO

[Kiz,AI]a’a/ (T .I‘ J\In Z Zy('a Z; Om)yca (.’1 0 )

m=1 c=1



, Q WKH IROORZLQJ ZH SUHVHQW D ORQJ VHULHV RI |
YHUVXV WKH WUXH HUURU IRU QHWZRUNVY WUDLQHG
XQOHVV , VD\ RWKHUZLVH
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%D\HVLDQ RSWLPDOLW\ RI D IUHTX

$ ITUHTXHQWLVW ERXQG LV GHILQHG WR EH RSWLPDC
GLVWULEXWLRQV DQG DOJRULWKP $ LI LW KDV WKF
DPRQJ DOO YDOLG IUHTXHQWLVW ERXQGV IRU DOJRI

Theorem 6.4. Assume (e(m)) ~bm™* as m — oo, with 0 < a < 1. Then, assuming that

for some E < 1, for all S,,;1, P.(m) < E , there exists a constant C', such that, as m — oo,

—(log P(Sy,)) ~ C'bm!—® (21)
Furthermore, if Var(P.(m)) = o({€)), thed ' = 2
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—<log P(Sm)>

m

Es,,~pm [PB(m)] ~ ~ C'bm™ ~ C'(e(m)),

7KLY PHDQV WKH 3%& %D\HV ERXQG KDV DQ H[SHFWH®WKH OXH WK
WUXH HUURU LI LW IROORZV D SRZHU ODZ OHDUQLQJ FXUYH XS
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