CS159 - Neural Network Theory - Lecture 8

Network Function Spaces
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Agenda for today

1. Complexity of a function space

2. Universal function approximators?

3. Studying random functions

/.. Neural networks as Gaussian processes



A basic question

e« What does an NN's function space look like?
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Universal function approximation

e Theorems like:
"a wide enough NN can fit any function”
 Empirical findings like:

"my NN can fit any labelling of the train set"
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Weight space — function space
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Lifeis S|mpler in function space
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Random functions
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Sampling functions
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3 Icuévu— MLP
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Jupyter notebook on the course website.



Output correlations
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Aside: Gaussian processes

If for all finite collections of inputs

the following holds:
f@M), s (™) ~ N (s, 2)

then we say that f is a Gaussian process.
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. Covibe (imt tlerrean
Classical CLT ¢

—T/

Let X4, ..., X, bei.id. random variables each

with mean o0 and finite variance o2.

Then as n — oo,
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Multivariate CLT

Let Y7, ..., Y, beii.d. random vectors each
with mean 0 and finite covariance X..

Then as n — oo,
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Linear transformation of Gaussian

Let Y be a random vector Y ~ N (u, 2).

What is the distribution of AY?
tyb\t)(fﬂ(. oK

Ay 5 cdso @wMSS{am ( bj VI &Mm/l—wj les.

-

(o e flig, _
® M@,ﬁz Ovﬁ Y T g{/& \/: )
= MGF o AY s [E CéTA‘:e_é(/l/A)+i67AZ/‘l/t

T ) T
6(:/\/\+ Stk



NNGP correspondence
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Linear neuron
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Linear neuron: covariance
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Linear Iaygbl;Ww
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One hidden layer / 9 Ny
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Many hidden layers
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Relu networks
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Relu MLP covariance

e L.-layer MLP, hidden layer width — o0

e nonlinearity ¢(z) := v/2 - max(0, z)

e inputs z1, T, ..., z, € R% with ||z;]|s = V/d
» iid Gaussian weights N (0, ——)
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Summary
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Next lecture
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